We study the flow from the theory of D2-branes in a G 2 holonomy background to M2-branes in a Spin(7) holonomy background. We consider in detail the UV and IR regimes, and the effect of topology change of the background on the field theory. We conjecture a non-Abelian N = 1 mirror symmetry.
Introduction
The study of string/M-theory backgrounds with special holonomy groups is receiving much attention lately. One application of special holonomy manifolds is in constructing gravity duals of field theories with reduced supersymmetry, and the analysis of the field theories on brane probes in such backgrounds.
In this letter we will consider two-brane probes in Spin(7) and G 2 holonomy backgrounds. Specifically, we will concentrate on two special manifolds with Spin(7) holonomy that were constructed in [1] ; the A 8 and B 8 manifolds. These non-compact manifolds have two distinct features. While they have different topologies, they admit the same metric up to a sign of a parameter. Asymptotically, this metric is the same in both cases, and is locally conical.
We will analyze the dynamics of a system of M2-branes in these Spin(7) holonomy manifolds. We will describe the flow from the theory of D2-branes on a G 2 holonomy background to M2-branes in these Spin(7) holonomy backgrounds. We will consider in detail the UV and IR regimes, and the effect of topology change (from A 8 to B 8 ) on the field theory.
The letter is organized as follows. In the next section we will briefly review the A 8 and B 8 backgrounds. In section 3 we will consider M2-branes in these backgrounds. We will take the field theory limit, study the phase structure of the systems, and compute the two-point function of the stress-energy tensor. In section 4 we will construct the UV field theory and conjecture a non-Abelian N = 1 mirror symmetry. In section 5 we will discuss some aspects of the IR regime.
2 Spin(7) holonomy manifolds: A 8 and B 8
Consider the following general ansatz for an eight-dimensional metric We denote by (ψ, θ, φ) the Euler angles, and dΩ 2 4 is the metric on the unit 4-sphere. Then σ is given by σ ≡ dφ + A 1 = dφ + cos θdψ − µ i A i ,
where µ 1 = sin θ sin ψ, µ 2 = sin θ cos ψ, µ 3 = cos θ ,
and A i is the gauge connection of an SU(2) instanton on S 4 . We define the covariant derivative, and instanton field strength as
In the following we will consider a special case of the general metric ansatz that has Spin(7) holonomy [1] (which is a special case of a family of Spin(7) metrics [1, 2] )
l is a real parameter whose significance will be discussed shortly. When l > 0 the radial coordinate r is in the range l ≤ r < ∞ . This manifold is denoted as A 8 . When l < 0 the radial coordinate is in the range −3l ≤ r < ∞ . This manifold is denoted as B 8 .
In the large r region, both A 8 and B 8 have the same asymptotic form M × S 1 , where S 1 is parametrized by σ with g σσ → l 2 , and M is a cone over CP 3 with a G 2 holonomy metric
If we dimensionally reduce the asymptotic M × S 1 geometry along the S 1 direction, we get the seven-dimensional background (2.6) and a 2-form KK field strength
The dilaton is asymptotically constant. The geometric symmetries of this background were analyzed in [4] . The base of the cone M is the coset space
Therefore, it is invariant under Sp(2) action from the left, and SU(2) × U(1) × Z 2 from the right. The SU(2) × U(1) acts trivially, and Z 2 acts as µ i → −µ i . These symmetries extend to the cone M . These are not the symmetries of F 2 . It is clear that F 2 is not invariant under the Z 2 action. An SU(2) instanton solution on S 4 has an SU(2) × U(1) symmetry group, and there is an additional SO(3) ≃ SU(2) symmetry from acting on the i index. Therefore, the type IIA background is only invariant under SU(2) × SU(2) × U(1) transformations.
The first correction to the asymptotic geometry in the l/r expansion is linear in l and distinguishes between the two manifolds 9) where the + sign is for A 8 , and the − sign for B 8 . The correction (2.9) is non-normalizable, ||δg|| → ∞, which implies that l is a parameter in the dual field theory. The geometry of the two manifolds in the small r region is quite different. Near r = l the A 8 metric reads 
where H(r) obeys the Laplace equation on A 8 . In the B 8 case, the asymptotics is the same, but near the origin there is a subtlety, which we will address later. H(r) reads
where Q ∼ l 6 p N/l . We consider the low-energy limit l p → 0 , with r and l also taken to zero such that
are kept fixed. The ten-dimensional string coupling is 4) and the three-dimensional gauge coupling is g
. In terms of these parameters, (3.3) reads 
The A 8 case
For large U , it can be seen from (3.2) that the radius of the M-theory circle parametrized by σ vanishes, and we need to dimensionally reduce to the type IIA description. The asymptotic form of H is given by
The asymptotic (large U) background is
This background is the near-horizon limit of N D2-branes transverse to the G 2 holonomy background (2.6), with a 2-form KK field strength. We define the dimensionless expansion parameter g
s R and the effective string coupling of the background (3.7) read
In this notation L/U ∼ g ef f N −1 . To leading order in L/U the phase diagram is the standard one [5] . When g ef f ≪ 1 we can use the perturbative field theory description. This is the high energy regime and the field theory has N = 1 supersymmetry. The transition to the type IIA supergravity description is at g ef f ∼ 1 . This occurs at U ∼ g This picture is not precise when the corrections in L/U are taken into account. The leading correction to the asymptotic geometry in L/U is non-normalizable, ||δg|| → ∞ . This means that in the dual field theory description L should be understood as a parameter rather than as a vev of a field. This is indeed the case,
where we redefined U − L as U . At U = 0 the metric (3.1) becomes AdS 4 × S 7 , with
. This is the same background as the near horizon limit of M2-branes in flat space with corrections in U/L . Note, however, that the expansion in U/L is not really useful since it requires U ≪ L in order to be valid. As we noted before, changing the sign of L (l before taking the field theory limit) implies a topology change in the supergravity background. On the field theory side it corresponds to g
, which is a sign of a phase transition. In particular the singularity of the supergravity background at L → 0 corresponds to a free field theory g 2 Y M → 0 . Note in comparison that M-theory on G 2 holonomy background yields a theory with four supercharges where holomorphy can be used to argue for smooth interpolation between different geometrical backgrounds [4] . Here we consider theories with two supercharges where holomorphy cannot be used, and indeed the process of moving from one background to the other is not smooth.
The B 8 case
Consider the phase diagram of M2-branes on the B 8 . The asymptotic form of B 8 is the same as that of A 8 to leading order in the L/U expansion. Thus, we expect the supergravity approximation to hold up to U ∼ g 2 Y M N as in the A 8 case. The IR is quite different. If we change the sign of L in (3.2) the point U = 3L is a singularity. This singularity is of the "good" kind [6] in the sense that the time component of the metric, g 00 , is decreasing as we approach the singular point. The harmonic function near U = 3L reads
where we shifted U −3L to U . From the type IIA point of view the dilaton is not monotonic. It peaks at some intermediate point and then decreases as we approach the singularity, where it vanishes. Therefore, near the singular point we should use the ten-dimensional description. The dimensional reduction of the B 8 manifold to ten dimensions describes a D6-brane wrapped on an S 4 coassociative cycle in the seven-dimensional G 2 holonomy manifold (2.6).
Adding D2-branes implies that we should describe this regime using the D2-D6 system wrapping S 4 . Note that the type IIA background is that of D2-branes smeared on the S 4 .
This system does not have a decoupling limit. Technically, this is because the power of U in H is not the same as in the A 8 case. Following [7] , we should use the solution of localized D2-branes, which does have a decoupling limit, in which we also hold fixed N 2 /N 6 . For small r the B 8 is geometrically R 4 × S 4 . The volume of the S 4 is proportional to N 2 /N 6 .
Therefore, we expect that for N 2 ≫ N 6 we can treat the B 8 manifold as R 8 with good accuracy in this small r region. This will re-produce the phase diagram of the flat D2-D6 system in [7] . Specifically, we will have a background of the form AdS 4 × X 7 , where X 7 is the Z N 6 orbifold of B 8 . We can also reduce this background to ten dimensions, which will result in a fibered AdS background. In section 5 we will outline some features of the field theory that governs the IR of this D2-D6 system.
Two-point function
In the following we will use the supergravity description in order to compute the two-point function of the stress-energy tensor. We will be interested, in particular, in the L dependent corrections. The computation requires the solution of the graviton equation. However, for certain polarization and momentum vector, the graviton equation reduces to the minimally coupled scalar equation. A similar computation in the supergravity background of D2-branes has been done in [8] . The minimally coupled scalar equation is
We take φ(U, x) = f (U) exp(ikx).
and we impose the boundary condition f (U ǫ ) = 1 at the UV cut-off U ǫ . The two-point function is given by
where λ = g 2 Y M N is the 't Hooft parameter, and U 0 = L for the A 8 manifold and U 0 = 3L for the B 8 manifold. It is convenient to change variables to z = (λk 2 ) 1/3 U −1 , and re-scale L as L → (λk 2 ) 1/3 L . Since we will only need to know the small z behavior of f (z) we can solve (3.11) order by order. After expanding the coefficients in (3.11) we get
The solution of (3.13) after imposing the boundary condition is given by
where C is an integration constant. It is fixed by the condition that at U = U 0 the solution is smooth, f ′ (U 0 ) = 0 . We use (3.12) to calculate the flux factor, and extract the cut-off independent piece
In coordinate space the two-point function that follows from (3.12) reads
The first term in (3.16) has been obtained in [8] for the D2-branes in flat space. The second term is the L/U correction. At the crossover regime between the supergravity description and the field theory description g
which matches to a field theory with N 2 degrees of freedom.
Note that in this computation we did not find an odd power of L dependence that will be different in the A 8 and B 8 cases. However, the computation is valid only in the UV regime. As we noted and will also discuss later, the IR dynamics of M2-branes on the two manifolds is quite different.
The UV field theory
The field theory in the UV is a three-dimensional N = 1 supersymmetric gauge theory. Let us first briefly review some aspects of N = 1 supersymmetry in three dimensions. The supersymmetry algebra reads
Q α are two real spinor supercharges, and γ 0 = σ 2 , γ 1 = iσ 3 , γ 2 = iσ 1 . Superspace is described by three space-times coordinates, and by two real anti-commuting variables θ α . A scalar superfield Φ takes the form
where φ is a real scalar, χ α is a real spinor and F is an auxiliary field. A vector multiplet can be written as a real spinor superfield V α (in the Wess-Zumino gauge)
The field strength tensor is 4) where
ε µνλ F νλ . The supersymmetric action is 5) where D α = D α − ieV α is the super-covariant derivative. The action (4.5) contains kinetic terms for the scalar, vector and spinor fields, Yukawa couplings and a scalar potential
where g ij is the kinetic term metric.
As we discussed in the previous section, at large r the metrics of A 8 and B 8 have the asymptotic form M × S 1 , where M is a cone over CP With the above charges, A i and B i are neutral under the diagonal U(1). We define
where a i , b i are the scalar components of A i , B i . The classical moduli space of vacua is
which is a cone over CP 3 . In three dimensions the gauge field A µ is dual to a compact real scalar q, dq = * dA . The scalar q parameterizes a circle S 1 . Thus, the classical moduli space of the theory is M × S 1 .
A generalization to N D2-branes requires that as we separate the branes we get N copies of the above moduli space. Consider a U(N) × U(N) N = 1 vector multiplets with A i , B i , i = 1, 2, N = 2 chiral superfields in the (N,N), (N, N) representations of the gauge groups, respectively. When A i , B i are diagonal with distinct eigenvalues, the gauge group is broken to U(1) N × U(1) N . This is the case where all the D2-branes are separated. In this case we will get N copies of M × S 1 . However, we have to make the off-diagonal fields massive. A superpotential that is compatible with the symmetries and gives mass to the off-diagonal fields via the Higgs mechanism is
Thus, we propose this as the UV field theory for N D2-branes in the background M . We note that the field theory is very similar to the four-dimensional N = 1 field theory on the world-volume of D3-branes placed at the tip of the conifold [9] . Compactification of that theory on a circle would give N = 2 three dimensional gauge theory with four supercharges. The theory considered here has only two supercharges, since the vector superfields are N = 1 multiplets and not N = 2 .
It has been proposed in [14] that theory on the world-volume of one D2-brane in the background M (theory B) is mirror to another N = 1 three-dimensional gauge theory (theory A), whose Coulomb branch is M. Theory A is constructed by placing a D2-branes in the ten-dimensional background obtained by the reduction of M on S 1 ∈ S 4 . The tendimensional background corresponds to D6-branes intersecting at angles. The field theory of one D2-brane in the intersecting D6-branes background is an N = 1 U(1) gauge theory with three N = 2 chiral superfields Φ i (from the 2-2 strings) and two N = 2 hypermultiplets (from the 2-6 strings).
One expects the generalization of theory A to N D2-branes to be an N = 1 U(N) gauge theory with three N = 2 chiral superfields Φ i in the adjoint and two N = 2 hypermultiplets in the fundamental representation. We also expect a superpotential of the form 
The IR regime
In this section we discuss some aspects of the IR regime.
The A 8 case
As we saw, in the A 8 case there is a single IR fixed point where supersymmetry is enhanced back to N = 8 . The irrelevant operators that deform the S 7 are dual to scalars in AdS 4 .
The question is how many irrelevant operators are turned on, and what are their conformal dimensions and representation under SO(8) . Fortunately, some of the work was already carried out in [10] , where a more symmetric deformation of S 7 was analyzed.
Our starting point will be the one dimensional Lagrangian, from which one can derive the equations that define the A 8 manifold [1] .
In eleven dimensional supergravity compactified on AdS 4 × S 7 there are 3 scalar KK towers denoted by S 1 , S 2 , S 3 . Their SO(8) representations and 4 dimensional masses are given by [13] 
There are also 2 pseudo-scalar KK towers denoted by P 1 and P 2
Following the calculations in [10] , the masses of the the 3 scalars in (5.4) are given by (in AdS 4 mass units) By the AdS/CFT correspondence these 3 scalars are dual to irrelevant operators of dimensions ∆ = 4 [12] . The first scalar u is just the over-whole volume of S 7 , and is identified with n = 7 of S 1 . The second scalar v can be identified as n = 2 , of S 3 transforming as the 300 of SO(8) [10] . The third scalar w is actually a pseudo-scalar n = 4 , of P 1 , and is responsible for deforming the S 3 fibers. It transforms as the 5775 of SO (8) . With all three irrelevant perturbations turned on there is no second non-trivial fixed point, which means that in the UV the system should be described by perturbative field theory as is indeed the case.
The B 8 case
As discussed before, the B 8 manifold reduced to ten dimensions describes the background of a D6-brane wrapped on an S 4 supersymmetric 4-cycle (V ol(S 4 ) ∼ l 4 ) in a G 2 holonomy manifold [1] . The manifold is the bundle of anti-self-dual two-forms over S 4 . Note that to get N 6 D6-branes one should consider a Z N 6 orbifold of the S 1 on which we reduce.
Let us consider the D-branes field theory when adding D2-branes in this background. At energies E ≪ l −1 the effective theory on the D6-brane world-volume is a U(1) N = 1 supersymmetric gauge theory with a Chern-Simons term [15] L = 1 4g . There is one N = 2 hypermultiplet that parameterizes the motion of the D2-branes in S 4 , and three scalar superfields that parameterize the three directions normal to the S 4 . We need to study the system at low energies E ≪ g . At these energies the kinetic terms are irrelevant. Since a D2-brane in D6-branes wrapping S 4 can be viewed as an instanton on S 4 , it is plausible to expect the the IR theory will be a conformal field theory on the Higgs branch, which is the moduli space of N 2 -instantons of U(N 6 ) on S 4 1 . This is consistent with the fact that the supergravity background for small U has an AdS 4 factor, as noted in section 3.2.
